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We present a complete analysis of the linearised dynamics of active solids with orientational order,
taking into account a hitherto overlooked consequence of rotation invariance. Our predictions include
the possibility of stable active solids with quasi-long-range order in two dimensions and long-range
order in three dimensions, generic instability of the solid for one sign of active forcing, and the
instability of the orientationally ordered phase in momentum-conserved systems for large active
forcing irrespective of its sign.
Biological systems and their artificial analogues are
driven out of equilibrium by a direct and independent
supply of free energy to the individual constituent units.
The nontrivial coupling of the constituent particles to
this power input [1, 2] results in macroscopic stresses
and currents in the system which have been shown to
be responsible for diverse phenomena ranging from co-
herent intracellular flows [3–5], to defect turbulence in
living liquid crystals [6], to flocking in animal groups
[7]. Active hydrodynamics [8], which extends the tra-
ditional continuum dynamics of conserved and broken-
symmetry variables by introducing terms that break only
the time-reversal symmetry of the corresponding passive
systems, offers a successful general framework to describe
the macroscopic behaviour of such systems.
Whereas active versions of orientationally ordered flu-
ids have been studied extensively [8–12], active solids
have received much less attention. In particular, spon-
taneous alignment in the solid phase, relevant for the
dynamics of polarised tissues on intermediate timescales,
has been somewhat neglected. Epithelial cellular mono-
layers [13], and the cell [14] itself, have been modelled
as crosslinked active gels [15], and models that couple
phase-field crystals with the Toner-Tu equations for a
polar flock have been constructed [17]. Even the studies
that consider anisotropic active gels [14, 16, 17], however,
ignore a symmetry-mandated coupling between orienta-
tion and strain in the free energy of distortion whose con-
sequence is that one shear modulus of a uniaxial gel van-
ishes: true solids with uniaxial orientational order can-
not exist in thermal equilibrium. What about an active
orientationally-ordered solid? To answer this question
and more we present a complete hydrodynamic theory of
active solids with uniaxial polar or apolar orientational
order, in contact with a substrate or in a momentum
conserving permeating fluid medium. The former de-
scription is applicable to cell monolayers or tissues in an
extracellular matrix while the latter describes the dynam-
ics of active gels such as actomyosin at timescales that
are small compared to the unbinding time of crosslinkers.
We start with a description in which the polar or apolar
order parameter is coupled to an isotropic solid and, in
the ordered phase, eliminate the non-hydrodynamic di-
rector modes to obtain the effective equations for polar or
apolar active gels. Our treatment applies to the systems
considered in [18] in the limit of infinite polymer relax-
ation time, and to the hydrodynamic limit of a Vicsek
model with particles connected by springs [19].
Here are our main results. (i) Active polar or apo-
lar elastomers, when dynamically stable, have displace-
ment fields whose variance is finite in three dimensions
and diverges only logarithmically with system size in two
dimensions. Translational order in such systems is quasi-
long-range in two dimensions and long-range in three
dimensions. This is in contrast to passive orientation-
ally ordered elastomers which, lacking one shear mod-
ulus, can support only quasi-long-range order in three
and short-range order in two dimensions. (ii) An active
force proportional to ∝ Q · ∇ ·Q, where Q is the apolar
order parameter, always destabilises elastomers on a sub-
strate when its magnitude is larger than the active force
∝ ∇ · Q, irrespective of the sign, in contrast to its sta-
bilising role in incompressible active fluids on substrates.
(iii) The dynamics of polar motile elastomers, at linear
and nonlinear order, is qualitatively distinct from that of
a solid driven in an externally imposed direction [20] and
escapes the latter’s transverse buckling instability. (iv)
For bulk momentum-conserving systems, ignoring iner-
tia, extensile (contractile) stresses destabilise positively
(negatively) uniaxial elastomers. (v) Elastomeric gels are
generically destabilised at high activities when a forcing
rate given by the ratio of the coefficient of the active
stress to the viscosity exceeds the passive orientational
relaxation rate. (vi) Like active smectics [21, 22], stable
uniaxial active elastomers have finite concentration fluc-
tuations and, in bulk momentum-conserving settings, a
“second sound” mode whose speed is nonzero in all di-
rections.
We now demonstrate how we obtain these results. We
start our discussion with apolar permanently crosslinked
elastomers on a substrate. Our description involves the
displacement field u¯(x, t) about an isotropic reference
state, the apolar order parameter field Q(x, t), and the
velocity field v(x, t). We define a linearised strain field
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2W = C+ΦI, Wij = ∂j u¯i+∂iu¯j about the isotropic state,
where C and Φ are the trace-removed and isotropic parts
of W and I is the unit tensor. Since the elastomer is
permanently crosslinked there is no motion of structure
without mass motion and the density field is slaved to
dilations of the structure, δρ/ρ = −∇ · u¯, implying that
the dynamics of the density need not be explicitly consid-
ered. Further, since there is no permeation, the evolution
equation for the displacement field is ˙¯u = v.
We assume a purely relaxational dynamics Q˙ =
−ΓQδF/δQ, for the apolar order parameter ignoring all
couplings to velocity [23]. Here
F =
∫
x
λ
2
(
Φ− s
λ
Tr[Q2]
)2
+µTr
[
C− t
µ
Q
]2
+fQ (1)
is the free-energy functional governing the dynamics
in the absence of activity, with fQ = (r/2)Tr[Q
2] +
(w/4)(Tr[Q2])2 + (K/2)(∇Q)2. The generic free-energy
couplings s and t between the strain and the polarisation
lead to the development of a strain anisotropy either par-
allel (t > 0) or perpendicular to (t < 0) Q. The absence
of these couplings [14, 17] would have implied an invari-
ance of the uniaxial solid under independent rotations of
the orientation and the elastic network, at least in the
passive limit. Their inclusion reduces this symmetry to
one under joint rotations of the two.
The force balance equation is Γv = Γ ˙¯u = −δF/δu¯+fa,
where the total active force is
fa = ζ˜1∇ ·Q+ ζ˜2Q · (∇ ·Q). (2)
The first term in (2) is the divergence of the standard ac-
tive stress while the second is an active force density that
is allowed in all systems not constrained by momentum
conservation and was first postulated in [24].
Armed with these equations, we write Q = S(nn−I/2)
where the unit vector n and the scalar S are the direc-
tor and the magnitude of orientational order. We ex-
pand about the equilibrium steady-state Q = Q0 with
S = S0 =
√
2r/w, n = n0 = (1, 0), Φ
0 = (s/2λ)S20 and
C = C0 = (t/µ)Q0, obtained by minimising (1), and as-
sess how active stresses alter it. Expanding the fields in
small fluctuations about this steady state, S = S0 + δS,
n = (cos θ, sin θ) ≈ (1, θ), Cij = C0ij + δCij , and
Φ = Φ0 + δΦ, we find that the fluctuations of the ap-
olar order parameter are slaved to the strain field as
δS = (2t/w¯)δCxx + (sS0/w¯)δΦ and θ = (µ/S0t)δCxy,
where w¯ = S0s
2/λ+ t2/µ+ r. Note that due to the min-
imal couplings between Q and C, director fluctuations
are not independently soft and are instead slaved to the
strain fluctuations [26]. Ignoring the free-energy coupling
µ in (1) would have led to the incorrect conclusion that
the transverse fluctuations of Q have a relaxation rate
that vanishes as wavelength → ∞. To analyse the dis-
placement fluctuations about this orientationally ordered
configuration, we transform to displacement u and strain
variables η relative to the anisotropic state from u¯ and
C and Φ which were defined relative to an isotropic ref-
erence space. Upon integrating out the δS fluctuations,
the free energy (1) in terms of θ and u transforms to
F =
1
2
∫
x
B1η
2
xx+B2η
2
yy+B3ηxxηyy+B4[ηxy−β(θ−Ω)]2
(3)
where ηij = (1/2)(∂iuj + ∂jui), the rotation angle Ω =
(∂xuy − ∂yux)/2. β ∈ [−1, 1], whose sign is that of t,
measures the degree of anisotropy of the solid. β = 0
is the isotropic case, and we will refer to positive and
negative anisotropy according to sgn(β). The standard
analysis leading up to (3) as well as the expression of Bi
and β in terms of previously introduced coefficients are
presented in full in the supplement [25]. Note that the
angle θ appears with the rotation field of the solid and the
shear strain and integrating it out leads to a vanishing of
the shear modulus [27–30].
If the dynamics were controlled purely by the free-
energy (3) the hydrodynamic equations for u˙ would not
contain terms of the form ∂2yuxxˆ and ∂
2
xuy yˆ upon inte-
grating out the fast θ field. However, the active force
fa = S0(ζ˜1 + ζ˜2S0/2)∂yθxˆ + S0(ζ˜1 − ζ˜2S0/2)∂xθyˆ yields
terms of this form even when θ is eliminated in favour
of Ω + β−1ηxy. Putting all of this together and rescaling
time by the friction coefficient Γ, we obtain the hydrody-
namic equations for the displacement fields:
u˙x = ν1∂
2
xux + ν2∂
2
yux + ν3∂x∂yuy (4a)
u˙y = ν4∂
2
xuy + ν5∂
2
yuy + ν6∂x∂yux (4b)
where ν2 and ν4 are purely active with ν2 = S0(β
−1 −
1)(2ζ˜1 + ζ˜2S0)/4 and ν4 = S0(β
−1 + 1)(2ζ˜1 − ζ˜2S0)/4.
All other coefficients have both active and passive con-
tributions though ν3 − ν6 is also purely active (see the
supplement [25] for expressions for all the coefficients).
Both ν2 and ν4 have to be positive for stability i.e. for
β > 0 stability requires ζ˜1 > |(ζ˜2S0/2)| and for β < 0,
ζ˜1 < −|(ζ˜2S0/2)|. A negative ζ˜1 which denotes exten-
sile stresses in this convention, destabilises a positively
uniaxial solid with nematogens aligned along the devia-
toric strain while a positive ζ˜1, denoting contractile active
stresses, destabilises solid in which the nematogens align
perpendicular to the local deviatoric strain anisotropy.
This should be compared to the situation in active smec-
tics [21] and in cholesterics [31] or columnar systems..
Interestingly, when |ζ˜2| > 2ζ˜1/S0, the orientationally or-
dered state is destabilised i.e., in contrast to incompress-
ible active fluids on substrates, where, depending on the
sign, it may play a stabilising role, here ζ˜2 plays a desta-
bilising role, irrespective of its sign. This establishes our
result (ii).
The presence of ν2 and ν4 ensures that the vari-
ances of both ux and uy fluctuations scale as 1/q
2
in all directions when the elastomer is stable. In
3particular, 〈ux(q, t)ux(−q, t)〉|qx=0 ∝ 1/(ν2q2y) and
〈uy(q, t)uy(−q, t)〉|qy=0 ∝ 1/(ν4q2x), which are the direc-
tions in which the fluctuations would have been largest
(∝ 1/q4) in the absence of activity. This implies that an
active elastomer with apolar nematic order can support
quasi-long-range translational order in two dimensions.
This conclusion remains correct even taking into account
all symmetry allowed nonlinearities all of which are of
the form ∇(∇u)2 and are irrelevant even in two dimen-
sions in contrast to passive nematic elastomers where the
absence of ν2 and ν4 terms render them relevant in d < 3
[30, 32].
We now turn to polar elastomers on substrates. The
ordering, in this case, is characterised by a polarisation
vector p(x, t), instead of a rank-2 tensor. We again as-
sume a purely relaxational dynamics for the polarisation
field ignoring all advective and self-advective nonlineari-
ties [33] p˙ = −ΓpδFp/δp, where Fp is of the form (1) with
Tr[Q2] being replaced by p2 and Q by D with components
Dij = pipj − (1/2)p2δij [34]. The force balance equation
Γv = fp +∇·σ− δF/δu¯ for polar systems contain active
propulsive forces fp = (υΓ)p+ (υ1Γ)p ·W, in addition to
the divergence of the active stress which we now take to
be σaij = ζ1Dij + ζ2p
2δij [35] We assess the effects of the
active motilities and stresses on a state with p = p0xˆ,
where p20 = |r|/w, C0ij = t/µD0ij , Φ0 = (s/λ)p20 and a
steady velocity v = v0xˆ = (υp0 + υ1p0W
0
xx)xˆ. Expand-
ing the fields in small fluctuations, p ≈ (p0+δp)xˆ+p0θyˆ,
Cij = C
0
ij + δCij , and Φ = Φ
0 + δΦ, about the homoge-
neously oriented state we again find that both the mag-
nitude p0δp = sδΦ + 2tδCxx/r¯, where r¯ = w+ (2s
2/λ) +
2(t2/µ), and the angular fluctuations θ = [µ/tp20]δCxy
of the polarisation field are slaved to the elastic defor-
mations. An analysis along the lines of the apolar case
yields dynamical equations for the displacement field u
about the anisotropic stretched state. While the calcu-
lation for passive terms and terms originating from the
active stress parallels the apolar case (see the supplement
[25] for details), the components of the propulsive force
require more care. Projecting the propulsive force along
and transverse to the polarisation, we obtain
pˆ · fp lin= Γ[v0 + (υ + υ1W 0xx)δp+ υ1p0δWxx)
= Γv0 + a1∂xux + a2∂yuy (5)
where
lin
= denotes equality to linear order in disturbances,
pˆ is the unit vector in the direction of polarisation, a1
and a2 are obtained by replacing δp and δWxx by their
values in terms of the displacement fields (see [25]) and
pˆ⊥ · fp lin= Γυ1p0(δWxy − 2θC0xx), where pˆ⊥ is a unit
vector perpendicular to pˆ. Since C0xx = (t/2µ)p
2
0 and
θ = (µ/tp20)δCxy = (µ/tp
2
0)δWxy, fa⊥ = 0. This im-
plies that there is no propulsive force in the direction
transverse to the polarisation in a spontaneously sym-
metry broken polar elastomer. Physically, since the only
anisotropy in the system is due to the broken rotation
symmetry, the anisotropy of W aligns with pp on a fast
timescale and at longer times, W · p is purely parallel to
p. Next, projecting the velocity along and transverse to
the direction of polarisation, we obtain pˆ · v lin= u˙x and
pˆ⊥ · v lin= u˙y − v0θ where the final term appears due to
the mean motion of the solid along xˆ [25, 36, 37]. There-
fore, upon transforming to a frame moving with the mean
velocity of the solid v0xˆ,
u˙x = a1∂xux + a2∂yuy + b1∂
2
xux + b2∂
2
yux + b3∂x∂yuy
(6a)
u˙y = b4∂
2
xuy + b5∂
2
yuy + b6∂x∂yux (6b)
where the coefficients bi are explicitly calculated in the
supplement [25]. This yields the eigenfrequencies
ω± =
(
a1 +
a2b6
|b2−b5|
)
qx − ib2q2y
− a2b6|b2−b5|qx − ib5q2y
 qx  q2y
a1qx − ib1q2x − i
(
b2 +
a2
a1
b6
)
q2y
−ib4q2x − i
(
b5 − a2a1 b6
)
q2y
 qx & q2y
(7)
As in the nematic case, b2 and b4 are purely active ∝ ζ1
and both of them are positive, implying that the polar
solid is stable, only when ζ1β < 0. Motility introduces
the possibility of a further instability when the magni-
tude of ζ1 is small: if the motility coefficients a2 and a1
have opposite signs then for small enough value of b2,
the system is destabilised. It is interesting to contrast
(7) with the mode structure of an externally driven solid
[20]. There, terms proportional to ∂yux and ∂xuy appear
in the u˙y equation even in the co-moving frame since the
propulsion direction is externally determined (by gravity)
and, as a result, the eigenfrequencies are either wavelike
at small wavevectors or have an instability with a growth
rate ∝ q. However, the direction of motion of crawling
solids is chosen spontaneously forbidding this transverse
buckling instability and implying that active solids may
be more stable than both their passive counterparts and
externally driven ones. This establishes our result (iii).
As in apolar elastomers, the static structure factor of
both ux and uy fluctuations scale as 1/q
2 in all direc-
tions implying QLRO in two dimensions. However, this
conclusion of the linear theory may be invalidated by
marginally relevant nonlinearities. There are nine pos-
sible terms bilinear in ∇u all of which are marginal in
two dimensions. Unlike in an externally driven solid [20],
where all of them may have independent values however,
the coefficients of these nonlinearities are significantly
constrained by rotational invariance in this case. De-
spite this, a treatment including these nonlinearities is
beyond the scope of this paper. We however note that
the presence of two relevant nonlinearities (∂xu)
2 and
4(∂yu)
2, where u is the displacement field of a smectic, in
polar smectics does not destroy the ordered phase [22]
when the two nonlinearities have opposite signs and be-
lieve that QLRO is possible even in polar solids in two
dimensions for at least some range of parameter values.
While we have focussed on two dimensional elastomers,
the three-dimensional case may be considered by chang-
ing qy and uy to q⊥ and u⊥ where ⊥ denotes the two
directions (y, z) transverse to the ordering direction x
and introducing an additional (passive) elastic constant
for ηyz shears in the transverse plane in that case. While
passive elastomers only have QLRO in three dimensions –
〈u2x〉 diverges logarithmically as in smectics while 〈|u⊥|2〉
is finite as in columnar systems – a calculation like that
for two dimensions shows that the static structure factor
of displacement fluctuations diverges as 1/q2 in all di-
rections in three-dimensional active elastomers implying
long-ranged order. The absence of any relevant nonlin-
earity in three dimensions implies that this linear result
is exact at large distances for both polar and apolar elas-
tomers. Further [25], active biaxial elastomers, whose
passive analogues are softer than their uniaxial counter-
parts, with vanishing energy cost for all shear deforma-
tions and ux, uy and uz all having smectic-like correla-
tions, also have long-range order in three dimensions.
We now turn to elastomeric gels i.e. (dilute) elas-
tomers frictionally coupled to an incompressible perme-
ating fluid, with conserved total momentum of elastomer
and fluid. The velocity of the solid is u˙ = v + vr where
v is the joint velocity of the network and the fluid and
vr is the velocity of the network relative to the fluid.
The joint velocity v obeys the force balance equation
η∇2v = ∇Π− ζ˜1∇ ·Q+ δF/δu where Π is the pressure
that enforces incompressibility, η is the viscosity and F
is given by (3) [38]. Writing the force balance equation
in terms of a stream function ψ, such that vx = ∂yψ
and vy = −∂xψ, to take the incompressibility con-
straint into account, and defining ut = (qyux − qxuy)/q
and ul = q · u/q, we see that u˙t = i|q|ψ + O(q2) and
u˙l ∼ O(q2). The relaxation rate of ut fluctuations, which
are the ones affected by the fluid, scale as q0 to leading
order in wavevector. In a passive elastomer the O(q0)
part of the relaxation rate of ut has to vanish for per-
turbations either purely along the ordering direction i.e.
with wavevectors q = qxˆ or purely transverse to it with
wavevectors q = qyˆ. However, in the active elastomer,
the eigenfrequency in these directions is non-zero :
ω(q→ 0) = −iS0ζ˜1
2η
(β−1 ± 1) (8)
where the + (−) sign is realised for wavevectors along
xˆ (yˆ) (see the supplement [25] for the expression for all
wavevector directions). This implies that when βζ˜1 < 0,
the gel is unstable i.e. extensile (contractile) stresses
destabilise positively (negatively) uniaxial elastomers, es-
tablishing our result (iv). Note that while the relaxation
rate of ut fluctuations is O(q0) to leading order, its static
structure factor scales as 1/q2 in all directions, when
the gel is not destabilised, as can be checked by adding
momentum-conserving spatiotemporally white noise to
the force balance equation.
We have, till now, assumed a fast relaxation of the
angle field to its steady-state value determined by the
displacement field. This may however be questionable in
a gel – an orientationally ordered fluid is generically un-
stable with a wavevector-independent growth-rate [8, 39].
Therefore, when the growth rate of this generic instabil-
ity is greater than the relaxation of the angle field to
the value dictated by the local strain, the gel should be
generically unstable irrespective of the sign of the active
stress. We now calculate this upper bound using the cou-
pled equations for the displacement fields and the angle
field θ˙ = (1− ξ cos 2φ)q2ψ/2−ΓθδF/δθ, with ξ being the
flow-alignment parameter and Γθ being the angular re-
laxation rate. We demonstrated (8) that a contractile gel
with ζ˜1 > 0 is stable for β > 0 in a description retaining
only the displacement fields. Let us therefore take β > 0,
ζ˜1 > 0 (i.e., the case that we would predict to be stable
based on a calculation purely in terms of displacement
fields). Also, for simplicity, let us take ξ = 0 in which
case, an orientationally ordered active fluid (not solid) is
maximally unstable along qy i.e. pure splay. We calcu-
late the O(q0) part of the eigenfrequency of the coupled
ut and θ dynamics in this direction (ul dynamics does
not contribute at this order):
ω± =
i
8η
[
2S0ζ˜1 −B4(1 + 4β2Γθη)±√
{2S0ζ˜1 −B4(1 + 4β2Γθη}2 − 32B4(β − β2)ΓθS0ζ˜1η
]
(9)
Therefore, when S0ζ˜1/η exceeds the relaxation rate of
angular fluctuations in a passive nematic elastomeric gel,
B4/2η + 2B4β
2Γθ, the orientational order is destabilised
even in a positively uniaxial contractile solid since the
angular fluctuations grow fast due to activity and can
not relax to their preferred orientation dictated by the
local strain. This yields an upper limit for the value of
active stress above which a description purely in terms
of the displacement fields is no longer possible and the
orientationally ordered phase is destroyed irrespective of
the sign of the active stress establishing our result (v).
We now leave the steady Stokesian regime, restore in-
ertia ρ0∂tv to the force balance equation and project the
equations of motion of a momentum conserved stable ac-
tive elastomer along and transverse to the wavevector
direction, ignoring viscosity as is appropriate in the long
wavelength limit. Along qx = 0 and qy = 0, the equa-
tions of motion decouple and the speed of the “second”
sound (i.e. the ut mode) vanishes in passive elastomers
as a consequence of vanishing restoring force for shear
5deformations. In contrast, in active systems the second
sound speed along qx = 0 is
√
S0ζ˜1(β−1 − 1)/2ρ0 while
along qy = 0, it is
√
S0ζ˜1(β−1 + 1)/2ρ0.
Finally, since in elastomeric systems the density fluc-
tuations are slaved to displacement fluctuations δρ/ρ =
∇ · u¯, and since 〈uu〉 ∼ 1/q2 in all directions, the static
structure factor of density fluctuations scales as q0, i.e.
there are no giant density fluctuations.
This concludes our discussion of active solids. Our
theory applies to monolayers or tissues in an extracellu-
lar matrix and the dynamics of active gels such as ac-
tomyosin at timescales that are small compared to the
unbinding time of crosslinkers. Our results in this paper
can be checked in simulations of Vicsek models in which
the “spins” are coupled by harmonic springs [19] or in
artificial active solids, for instance, composed of active
chemotactic colloids [40].
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